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Abstract

Modern digital signal processing makes use of a variety dheraatical tech-
nigues. These techniques are used to design and understficidng filters

for data processing and control. In an accelerator envir@mt) these tech-
niques often include statistics, one-dimensional and idinlensional trans-
formations, and complex function theory. The basic mathiealeconcepts
are presented in 4 sessions including a treatment of the baitroscillator, a

topic that is necessary for the afternoon exercise sessions

1 Introduction

Digital signal processing requires the studys@fnalsin a digital representation and the methods to in-
terpret and utilize these signals. Together with analogatigrocessing, it composes the more general
modern methodology of signal processing. All-though, trethmmatics that are needed to understand
most of the digital signal processing concepts have benhdegtloped for a long time, digital signal
processing is still a relatively new methodology. Many tdisignal processing concepts were derived
from the analog signal processing field, so you will find a lbsionilarities between the digital and
analog signal processing. Nevertheless, some new tedmigave been necessiated by digital signal
processing, hence, the mathematical concepts treatechheeebeen developed in that direction. The
strength of digital signal processing currently lies in frequency regimes of audio signal processing,
control engineering, digital image processing, and sppeatessing. Radar signal processing and com-
munications signal processing are two other subfields. lwgstot least, the digital world has entered the
field of accelerator technology. Because of its flexibiligital signal processing and control is superior
to analog processing or control in many growing areas.

Around 1990, diagnostic devices in accelerators begariliveutligital signal processing e.g. for
spectral analysis. Since then, the processing speed ofatttevlare (mostly standard computers and
digital signal processors (DSPs)) increased very quickigh that nowastRF control is now possible.
In the future, direct sampling and processing of all RF dg)ap to a few GHz) will be possible, and
many analog control circuits will be replaced by digital sne

The design of digital signal processing systems withoutsichmathematical understanding of the
signals and its properties is hardly possible. Mathemainckphysics of the underlying processes need
to be understood, modeled and finally controlled. To be abpeetform these tasks, some knowledge of
trigonometric functions, complex numbers, complex ang)ygear algebra, and statistical methods is
required. The reader may look them up in his undergraduatkdeks if necessary.

The first session covers the following topics: the dynamiahe harmonic oscillator and signal
theory. Here we try to describe, what a signal is, how a digigal is obtained, and what its quality
parameters, accuracy, noise, and precision are. We irdearhwsal time invariant linear systenasd
discuss certain fundamental special functions or signals.

In the second session we are going to go into more detail anadirce the very fundamental
concept of convolution, which is the basis of all digitaldflimplementations. We are going to treat the
Fourier transformation and finally the Laplace transfoiorah, which are also useful for treating analog
signals.
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Fig. 1: Principle of a physical pendelum (left) and of an electrmsdillator.

The third session will make use of the concepts developpea@rialog signals as they are ap-
plied to digital signals. It will cover digital filters and ¢hvery fundamental concept and tool of the
z-Transformation, which ithe basis of filter design.

The fourth and last session will cover more specializedrigtes, like the Kalman filter and the
concept of wavelets. Since each of these topics opens itdieldrof mathematics, we can just peek on
the surface to get an idea of its power and what it is about.

2 Oscillators

One very fundamental system (out of not so many others) isipgyand engeneering is the harmonic
oscillator. It is still simple and linear and shows varioushaviours like damped oscillations, reso-
nance, bandpass or band-reject characteristics. The harmscillator is, therefore, discussed in many
examples, and also in this lecture, the harmonic oscillstarsed as a work system for the afternoon
lab-course.

2.1 What you need to know about. ..

We are going to write down the fundamental differential diquaof all harmonic oscillators, then solve

the equation for the steady state condition. The dynamieiebr of an oscillator is also interesting

by itself, but the mathematical treatment is out of the saufithis lecture. Common oscillators appear
in mechanics and electronics, or both. A good example, whetie oscillators play a big role, is the

accelerating cavity of a (superconducting) LINAC. Here we going to look at the electrical oscillator

and the mechanical pendelum (see fig. 1).

2.1.1 Thee¢€lectrical oscillator

An R-L-C circuit is an electrical circuit consisting of a ig®r (R), an inductor ), and a capacitoiQ),
connected in series or in parallel (see fig. 1, right).

Any voltage or current in the circuit can be described by asderder linear differential equation
like this one (here a voltage ballance is evaluated):

- Q
RI+LI+==ml
+L+Z=m
. R 1
& T+oivigl =Ko . 1)



2.1.2 A mechanical oscillator

is a pendulum like the one shown in fig. 1 (left). If you look la¢ forces which apply to the massyou
get the following differential equation:

mMX+ KX+ kx=F (t)
k. K 1
& X+ —X+—x==F() . 2
m m m
This is also a second order linear differential equation.
2.1.3 Theuniversal diffential equation

If you now look at the two differential equations (1) and (8uycan make them look similar if you bring
them into following form (assuming periodic excitationshioth cases):

K+ 2BX+ wfx = T | 3)

whereT is the excitation amplitudew.. the frequency of the excitatior, the relative phase of the
excitation compared to the pase of the oscillation of théesggwhouse absolute phase is set to zero),

iR ook
2L 2m

is the term which describes the dissipation which will lea@ tlamping of the oscillator and
- VIC m
gives you the eigenfrequency of the resonance of the system.

Also one very often use the so-call€dvalue
_ %

which is a measure for the energy dissipation. The highe@Qtivalue, the less dissipation, the narrower
the resonance, and the higher the amplitude in the casearfaese.

(4)

2.2 Solving the DGL
For solving the 2nd order differential equation (3), we fitstfollowing ansatz:

Xt) = AdW+o
Xt) = iwAdt®
X(t) = —wPAdEte

By inserting this into (3) we get the so-calledaracteristic equation
— A0 | i BAd(@H0) | (RAd(@HO) — Td(©-1+8)
T .
- ' 2 _ d(0.—)t+(E-9)
< W’ 4 2i0B + o} Ae'

In the following, we want to look only at the special solution= w. (0.B.d.A & = 0), because we
are only interested in the steady-state, for which we ajrdambw that the penelum will take over the
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Fig. 3: Amplitude and phase of the exited harmonic oscillator iadyestate.

excitation frequency. Since we are only interested in thaspldifference of the oscillator with respect
to the excitation force, we can set= 0.

In this (steady) state, we can look up the solution from alyjrafsee fig. 2). We get one equation
for the amplitude

(})zza%—uﬂz+@wm2

1
V(@ — ) + 42

& |A=T

and another for the phase

tan(q) = Q%Z_%

of the solutionx(t).

Both formulas are visualized in fig. 3 as a function of the &tiwn frequencyw. Amplitude and
phase can also be viewed as a complex vector moving in thelegmlane with changing frequency.
This plot is shown in fig. 4. You should notice that the Q-valets a graphical explanation here. It is
linked to the bandwidtlw, » of the resonnance by

W
001/2=BZZT2 ;
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a relation to the hight of the resonance peak.

2.3 Non-linear oscillators

Besides the still simple harmonic oscillator describedvabavhich is a linear oscillator, many real os-
cillators are non-linear or at least linear only in approaiion. We are going to discuss two examples of
simple looking non-linear oscillators. First theathematical pendelymvhich is linear in good approxi-
mation for small amplitudes, and a "Yoyo”-like oscillatohigh is non-linear even for small oscillations.

231 TheMathematical Pendelum
The differential equation which represents the approx@émadtion of the simple gravity pendulum shown
infig. 5is ) _
ml@+K@—mgsin(@) = F(t)
wherex is the dissipation term (coming from friction from the air).

The problem with this equation is that it is unintegrablet 8w small oscillation amplitudes, one
can approximate: s{p) = ¢ and treat it as the harmonic, linear mecanical pendelunritescin the
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Fig. 6: Simulated behaviour of the mathematical pendelum.
@o——

previous section. But what if we have large amplitudes I$ > or even a rotation of the pendelum
-

E

like & 2

Well, this system is unbounded (rotation can occur instéambdillation) and so the behaviour is
obviously amplitude dependant. We especially expect then@nce frequency to be a function of the
oscillation amplitudew = F (A). At least, we can still assunie= w.. for the steady state solution; this
means that the system will follow the excitation frequenitgrasome time.

Fig. 6 shows the simulated behaviour of the mathematicallgdem in the steady state. You can
see the single resonance peak, which for small amplitudés heery similar to the one seen in fig. 3. For
larger amplitudes, however, this peak is more and more loethiet left. When the peak hangs ovea
jump occurs at an amplitude dependant excitation frequeviogre the system can oscillate with a small
amplitude and then suddenly with a large amplitude. To mbhkeg$ even worse, the decision about
which amplitude is taken by the system depends on the ardplihie system already has. Fig. 6 (right)
shows that the jump occurs at different frequencies, deg@noh the amplitudeg at the beginning of
the simulation.

Last but not leastzoupledsystems of that type may have a very complicated dynamicviomira
and easily may become chaotic.

2.3.2 TheYoyo

Another strongly non-linear oscillator is the one known ¥s-Yo” and which is in pronciple identical
to the system shown in fig. 7.

The differential equation of this system expresses like:

Wma)m_ KX —sgnx) -mgsin(a) = F(t)

1A similar emergence can be observed for superconductinitjes_orentz force detuning.



Fig. 7: The Yoyo. A massnon the inclined plane. For simplicity, the rotation of thdl lnot regarded here.
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Fig. 8: Simulated frequency response of the "Yo-Yo” for differextigation frequencies and amplitudes (left). On
the right you can see different oscillation modes of thisesysdepending on the excitation amplitude for different
excitation frequencies. The system responds with diffeseaillation frequencies in an unpredictible manner.

where
X
)N X#0
sgnx) ;=
gn(x) {0 ‘-0

Now let’s answer the questions: Is there a resonance? And\¥isat is the resonance frequency?

Obviously, the resonance frequency here would also beyhayhplitude dependanitx £ f(A))
because it takes longer for the ball to roll down the inclip&he if it starts with a bigger amplitude. But
if we look at the simulated frequency response with differxitation amplitudes (see fig. 8) it looks
like there is a resonance at 0 Hz!?

Looking closer to the situation one finds that the oscillafirequency can differ from the exitation
frequency:w # w... Fig. 8 (right) shows all possible oscillation frequendesrelation to the excitation
frequency) with different starting amplitudgg (colors) under excitation with different amplitudes. The
system responds with oscillations in an unpredictible neann

Now you know why lineasystems are so hice and relatively easy to deal with.

3 Signal Theory

The fundamental concepts we want to deal with for digitahaigprocessing arsignalsand systems
In this chapter we want to develop the mathematical undetstg of a signal in general, and more
specifically look at theligital signals.



3.1 Signals

The signals(t) which is produced by a measurement device can be seen as @meavarying property
(a function of time). The property represents physical pla®es like voltage, current, temperature etc.
Its instant power is defined a&(t) (all proportional constants are set to éne

The signal under investigation should beearergy-signalwhich is
/§mm<m . (5)

This requires that the total energy content of that signfihite. Most of the elementary functions (e.g.
sin(), cos(), rect(), ...) are not energy-signals, becalusg ideally are infinitely long, and the integral
(5) does not converge. In this case one can treat thgmowaer-signalswhich requires

T/2
Jim S(t)dt < oo (6)

~T/2

(The energy of the signal is finite for any given time intejvaDbviously sir{) and co$) are signals
which fullfill the relation (6).

Now, what is a physical signal that we are likely to see? Welierever the signal comes from,
whatever sensor is used to measure whatever quantity, ienithe— if it is measured electrically — we
usually get a voltage as a function of titdét) as (input) signal. This signal can biscreteor continous
analogor digital, causalor non-causal We will discuss these terms later.

From the mathematical point of view we have following untimding/definitions:

— Time:t € R (sometimes= R{)
— Amplitude: s(t) € R (usually a voltagéJ (1))
— Power:s?(t) € R{ (constants are renormed to 1)

Since the goal ofligital signal processings usually to measure or filter continuous, real-world
analog signals, the first step is usually to convert the $ifypen an analog to a digital form by using
ananalog to digital converterOften the required output is another analog signal, digi¢al to analog
converteris also required.

The algorithms for signal processing are usually perform&idg specialized electronics, which
either make use of specialized microprocessors caligitihl signal processor¢§DSP) or they process
signals in real time with purpose-designgoblication-specific integrated circuiff\SICs). When flexi-
bility and rapid development are more important than ungtgat high volume, digital signal processing
algorithms may also be implemented usfigd-programmable gate array&PGAS).

Signal domains
Signals are usually studied in one of the following domains:

1. Time domain (one-dimensional signals),
2. spatial domain (multidimensional signals),
3. frequency domain,

4. autocorrelation domain and

2e.g.: The power considering a voltage measurement wouRi-b&)2/R, considering a current measuremént 12R, so
we can seR:= 1 and get the relatioB=U2orP = |2,



5. wavelet domains.

We choose the domain in which to process a signal by makingifammied guess (or by trying
different possibilities) as to which domain best represené essential characteristics of the signal. A
sequence of samples from a measuring device produces artgpat@l domain representation, whereas
a discrete Fourier transform produces the frequency dom&irmation, the frequency spectrum. Au-
tocorrelation is defined as the cross-correlation of thaaigvith itself over varying intervals of time
or space. Wavelets open various possibilities to creatdifmd bases for decompositions of the signal.
All these topics will be covered in the following next chagteWe first are going to look at how one
can obtain a (digital) signal and what quantities define uslity. Then we are going to look at special
fundamental signals and linear systems which transforisetsgnals.

Discrete Time Signals

Discrete-time signals may beherently discrete-timée.g. turn-by-turn beam position at one monitor)
or may have originated from the sampling of a continuoustsignal ligitalization). Sampled-data
signals are assumed to have been sampled at periodic ist&rvlhe sampling rate must be sufficiently
high to extract all the information in the continuous-timgnal, otherwisealiasing occurs. We will
discuss issues relating to amplitugeantization, but, in general, we assume that discrete-time-signals
are continuously-valued.

3.2 Digitalization
The digitalization process makes out of an analog sigftala series ofamples

S(t) — sh:=9[n]:=s(nT) ne Z( sometimese Np)

by choosing discrete sampling intervals— nT whereT is the period.
The sampling process has two effects:

1. Time discretization (sampling frequency)T = 1/fs and
2. Quantization (AD-conversion, integer/float).

The second effect must not be neglected, all-though in s@sescthere is no special problem with this
if you can use a high enough number of bits for the digitailrat Modern fast ADCs do have 8, 14 or
16 bits resolution. High precision ADCs exist with 20 or eveare effective bits, but they are usually
much slower. Figure 9 illustrates the digitization process

Dithering

Because the number of bits of ADCs is a cost issue, there ishmitpie calleddithering which is
frequently used to improve the (amplitude) resolution @f dligitization process. Suprisingly, it makes
use of noise which is added to the (analog) input signal. Tible is that you can substract the noise later
from the digital values, assuming you know the exact charetics of the noise, or even better, you
produce it digitally using a DAC, and therefore know the eati each noise sample. This technique is
illustrated in fig. 10.

3.3 Causal and non-causal Signals
A Signal iscausalif (at any time) only thepresentandpastvalues of that signal are known.

givenxft,] where tp:= presence, n< 0: future, n> 0: past

Soifxty) =0 Vn < 0 thesysterrunder investigation is causal.

9
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Fig. 9: The digitization process is done in two steps: First, samate taken from the analog input signal (A). The
time discretization is done so with the sampling frequeficyThe voltage is stored in a sample-and-hold device
(B) (a simple capacitor can do). Finally the voltage acrbssdapacitor is converted into a digital number (C),
usually represented bybits of digital logic signals. The digital representatidriee input signal is not perfect (as
can be seen on the bottom plots) as it has a limited resolutibath, time and amplitude.

The only situation where you may encounter non-causal Egmanon-causal algorithms is under
the following circumstances: Say, a whole chunk of data le@mlvecorded (this can be the whole pulse
train in a repetitive process or the trace of a pulse of an Rfesy). Now you want to calculate a
prediction for the next measurement period from the lagbd&ardata. From some viewpoint, this data
is seen as a non-causal signal: If you process the data shmplample, you always have access to the
whole dataset, which means you can also calculate with ssng@fore the sample acually processes.
You can thereby make use of non-causal algorithms, becawsetliis algorithms perspective your data
also contains the future. But from the outside view, it isacldhat it does not really contain the future,
because the whole chunk of data has been taken in the past nod iprocessed (with a big delay). A
measurement can not take information from the future! @iallg, nature or physical reality has been
considered to be a causal system.

3.3.1 Discrete-Time Freguency Units

In the discrete world, you deal with numbers or digits indte&voltage, with sample number instead
of time, and so we ask what is the discrete unit of frequencg® o straight forward starting with an

anlog signal:
X(t) = A-coqwt) =: A-coq2mfct)

sampling at intervald = £ = 2¥ leads to:
= X[n] = A-cojwnT)
w 21w
= A.cogn—)=A-cogn———
{n) = A-cosn” )

=: A-.coqwyn) ,

10
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Fig. 10: Theditheringtechnique makes use of (random) noise which is added to @legnsignal. If this noise
is later removed from the digital signal (e.g. using a didde pass filter or statistics) the acuracy of the digital
values can be improved. The best method would bstiwractive dither: produce the "random” noise by a DAC
and substract the known numbers later.

where

21w
Wy =——=wTl 7
(7)
is thediscrete time frequencyl he units of the discrete-time frequeney areradians per samplewith

a range of

—TM< W <1 or 0<wy<?2m

3.4 The Sampling Theorem

Proper sampling means that you can exaotigonstruct the analog signal from the samplEsactly
here means that you can extract the "key information” of igea out of the samples. One basic key
information is the frequency of a signal. Fig. 11 shows défé examples of proper and not proper
sampling. If the sampling frequency is too low compared wiith frequency of the signal, a signal
reconstruction is not possible anymore. The artefactstwhicur here are callegiasing

To express a condition, when a signal is properly sampledigbng theorem can be formulated.
This theorem is also known d@se Nyquist/Shannon theorertt was published in 1940 and points out
one of the most basic limitations of the sampling in digiighal processing.

Givenfs = sampling rate:

"A continuous signal can be properly sampled if it does nattem frequency components above

f .
forit = Es . the so-called Nyquist-Frequericy .

11
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Fig. 11: Different examples of proper and not proper sampling. Ifsampling frequency is too low compared
with the frequency of the signal, a signal reconstructiamaspossible anymore.

Frequency components which are larger than this critieuency { > fgi) arealiasedto a mirror
frequencyf* = fgit — f.

The sampling theorem has consequences on the choice ofntipdirsg frequency you should use
to sample your signal of interest. The digital signal carswitain frequencies > f.. Frequencies
greater thanfei will add up to the signal components which are still propesynmpled. This results
in information loss at the lower frequency components bgedheir signal amplitudes and phases are
affected. So except for special cases (see undersamplihdaam-conversion) you need

1. a proper choice of sampling rate and
2. ananti-aliasing-filterto limit the input signal spectrum!

Otherwise your signal will be affected by aliasing (see fi@). 1

3.4.1 Mathematical Explanation of Aliasing

Consider a continuous-time sinusoid) = sin(2mntft + @). Sampling at interval3 results in a descrete-
time sequence

X[n] = sin(2rtf T n+ @) = sin(wygn+ @)

Since the sequence is unaffected by the addition of anyentegltiple of 21, we can write
X[n] = sin(2rtf T n+ 2rm+ @) = sin(2nT (f + T—rr:])nJr 0)
Replacing% by fs and picking only integersn= knwe get
X[n] = sin(2rT (f £ kfs)n+ @)

This means: when sampling & we can not distinguish betwednand f + k fs by the sampled
data, wherdk is an integer.

12
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Fig. 14: Principle of undersampling.

The aliasing can also be seen the other way round: Given @naooos signal with a limited
spectrum (see fig. 13). After sampling we can not distingifiske originally had a continuous and
smooth signal or instead of a signal consiting of a pulse todisharp §-)pulses which are modulated
corresponding to the input signal. Such a signal has siddse/hich correspond to the Nyquist bands
seen from inside the digital system. The same principleieppl you want to convert a digital signal
back to analog.

This concept can be further generalized: Consider the sagptocess as time-domain multi-
plication of the continuous-time signak(t) with a sampling functiomp(t), which is a periodic impulse
function (dirac comb). The frequency-domain represemiatif the sampled data signal is tbenvolu-
tion of the frequency domain representation of the two signakylting in the situation seen in fig. 13.
If you do not understand this by now, never mind. We will dssthe concept of convolution in more
detail later.

3.4.2 Undersampling

Last but not least, | want to mention a technique calledersamplingharmonic samplingr sometimes
also calleddigital demodulatioror downconversionlif your signal is modulated onto a carrier frequency
and the spectral band of the signal is limited around thiserathen you may take advantage from the
"aliasing”. By chosing a sampling frequency which is lowan the carrier but syncronized with it (this
means it is exactly a fraction of the carrier), you are abldg¢modulate the signal. This can be done
with the spectrum of the signal lying in any Nyquist zone gty the sampling frequency (see fig. 14).
Just keep in mind, that the spectral components may be ezl/arsd also the phase of the signal can
be shifted by 180 depending on the choice of the zone. And also — of course — #mr @pectral
components which leak into the neighboring zones need tdtbeeti out.

3.5 Analog Signal Reconstruction

As mentioned before, similar problems, like aliasing foalag to digital conversion (ADC), also apply
to Digital to Analog Conversion (DAC)! Usually, no impulse train is generated by a DAC, butesio
order hold is applied. This modifies the output amplitude spectrum bitiplication of the spectrum of

the impulse train with
B sin(mf /fs)
H(f)_|smc(f_s)|'_|T/fs| )
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Fig. 16: Transferfunction of the (ideal) reconstruction filter fobAC with zero-order hold.

which can be seen as a convolution of an impulse train withceangular pulse. The functions are
illustrated in fig. 15.

As you can imagine, this behaviour appears to be unpleasaatise now, not only components of
the higher order sidebands of the impulse train spectrunpraduced on the output (though attenuated
by H(f)), but also the original spectrum (the baseband) is shapéd By overcome this "feature”, a
reconstruction filteiis used. The reconstruction filter should remove all fregiesnabove one half df;

(an analog filter will be necessary, which is sometimes dirdmuilt into commercial DSP’s), and boost
the frequencies by the reciprocal of the zero-order-hoddfect (Wlo())- This can be done withithe
digital process itself! The transfer function of the (iga&lconstruction filter is shown if fig. 16.

3.6 Anti-aliasing Techniques

Putting it all together, the digital signal processing reeadditional care concerning the sampling and
reconstruction processes. The steps needed are summiarthedollowing picture:
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Processing | filter

analog filtered digitized digitized S/H analog
input analog input input output analog output output

For designing your digital signal processing system, yoedn® know about (analodjlter de-
sign the characteristicsof anti-aliasing and reconstruction filters, and ablimitations of the signal
processing like bandwidth and noise of the analog parts fandhe digital parts, sampling frequency
and quantisation.

4 Noise

The termserror andnoiseare somehow closely related. Noise is some fluctuation omihg signal
which can come from different sources, can have differntspecomponents and in many cases (except
for the dithering methods) it is unwanted. It can cover tHermation you want to extract from the
signal and needs to be suppressed with more or less advaateddues. Usually, some of the noise
components can hardly be avoided and, therefore, we wik havdeal with it. Noise on the signal
can cause aarror. But there are also errors which do not come from noise. Veetbre distinguish
betweensystematiqdeterministic) errors on the one hand and unsystemattiqtit) errors (omoise

on the other hand. We are going to take a closer look to thisdi®n:

Systematic error —— accuracy comes due to characteristics of the measurement device (BAC
offset, gain, linearity-errors It can be improved by improvements of the apparatus, lddb@-
tion. The only limits here come from the practical usefuthasd from quantum mechanics, which
keeps you from measuring certain quantities with absolcteracy.

Statistical error comes from unforseen random fluctuations, stochasticsnaisé. It is impossible to
avoid them completely, but it is possible to estimate themxand it can be reduced through sta-
tistical methods (averaging), multiple repetitive measuents etc. This determines fheecision
of the measurement.

Note that the definition is context dependant: The accur&dp® devices can be a matter of precision!
Imagine that you measure the same property with 100 diffetevices where each device has a slightly
different systematic (calibration) error. The results naw be distributed in much the same way as they
are with a statistical measurement error — and so, they cdrelted as statistical errors, in this case,
and you might want to use the statistical methods describétkeifollowing section.

The distinction above leads to the termscuracyand precision which we will define in the
following sections. Besides this, we want to deal with theibaoncepts of statistics which include:

— Random variables and noise (e.g. white noise, which hagjaal eistribution, Gaussian noise,
which has a Gaussian distribution, andf Jor pink noise, which is Af distributed),

— the mean and the standard deviation, variance, and
— the normal or Gaussian distribution.
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4.1 Basic Statistics
4.1.1 Mean and Standard Deviation

Assuming that we d&N measurements of a quantity which result in a series of meamnt values;.
Themean(or average) ovell samples can be calculated as:

A._ENfl |
%= i;xl

Thevarianceao? (o itself is calledstandard deviatiopis a measure of the "power of fluctuations” of the
set ofN samples. It is a direct measure of the precision of the signal

,_ 1 )2
o ':N——li;(xi_x) . (8)

Equation (8) can also be written in the following form:

’ 1 N—-1 5 1 N—-1 2
ON=T 7 X N Xi )
Y DA A P
N " ~———

sum of squares sunt
which is useful, if you want to calculate a running statstion the fly”.
There are also quatities which are dirived from the mean laadariance like

o2
The Signal to Noise Ratio (SNR)SNR= % , ©)
the Coefficient of Variation (CV): CV = %-100% and (20)

1 N-—-1
the Root Mean Square (RMS): im%:= W/N %x‘? . (12)
i=

The latter is a measure of the "Power of fluctuatiphss power of DC component”.

4.1.2 Histograms and the Probability Density Distribution

A common way to reduce te amount that must be processed isthistegrams A Snapshot oiN
samples is summed up iM{ bins (see fig. 17). Each bin now contains the number of occurentes o
a certain value (or range of valued) and the mean and variance can now be calculated using this
histogram:

N M-1
= i; Hi

1 M-1

)A(Z:Ni;i'Hi ,

2 1 Nt 2
0= = ¥ (i—R2H;
N-1 i;

As you already saw in fig. 17, with a large number of samplehitsiegram becomes smooth and
it will converge in the liitN — oo to a distribution which is called thprobability mass functian This
is an approximation of the (continoupjobability density distribution This is illustrated in fig. 18. In
this case, the fluctuations of the samples have a Gaussigibutisn. Examples of probability mass
functions and probability density distributions of commmaveforms are shown in fig. 19.
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Fig. 20: The raw shape and the normalized shape of the Gauss fun@iienarea of one standard deviatito
integrates to 68.3%, the area-bPc to 95.4%.

4,1.3 TheNormal Distribution

The best known and most common distribution is tleemal distributionthat has the form of a Gauss
function:

(x—%)?
P(x):\/;_me 202

The Gauss formula is illustrated in fig 20. Note that the pbilitg density is normalized, so that
the integrated density is the overall probability. Thiswddpof course, be equal to one:

+oo
/ P(x)dx=1

Now what is this good for? Imagine that we havesamples of a measured quantity. Then we can
define the
typical error:  AA = N
VN
Hereoy is an estimate of the standard deviation oftinelerlying proceseverN samples (e.g. extracted
from the histogram). This is the best information about theéarlying process you can extract out of the
sampled signal. In practice, that means that the more samgpletake, the smaller the typical erdaf
is. But this can only be done if the underlying quantity doesainange during the time the samples were
taken. In reality, the quantity and also its fluctuations robgnge, as in fig. 21, and it is a real issue to
select the proper and useful number of samples to calcllatmean and standard deviatiog to get a
good approximation of what the real process may look likeer€hs no such thing as anstant error,
the probability density function can not be measured, it@alg be approximated by collecting a large
number of samples.

4.2 The Central Limit Theorem

Why does a normal distribution occur so frequently? Why aostrprocesses and most signals normally
distributed? Why is it always a good assumption that the gdvdity density distribution of an arbitrary
measurement is Gaussian, and we know everything we can gt thle underlying process if we know
the measurement valueand its typical erroAA?

This is the consequence of tentral Limit Theorenwhich says:

The sum of independant random numbers (of any distributiecpmes Gaussian dis-
tributed.
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Fig. 21: A signal with changing mean and standard deviation.

The practical importance of the central limit theorem id tha normal distribution can be used as
an approximation of some other distributions. Whetherdlaggproximations are sufficiently accurate de-
pends on the application for which they are needed and te@fabnvergence to the normal distribution.
It is typically the case that such approximations are lesarate in the tails of the distribution.

It should now be clear why most of your measurements may bessgaudistributed. This is
simply because the measurement process is a very comlimagewith many different and independent
error sources which all together contribute to the final messent value. They do so without taking
care about the details of their mechanisms — as long as tleegrerugh contributors, the result will be
approximately Gaussian.

There is also a practical application of the theorem in cdingu Suppose you need to generate
numbers which have a Gaussian distribution. The task i® eaéby; you just have to have a function
which generates any kind of (pseudo-) random numbers andstii@ up enough of them.

Here is an example: first generatdite noiseusing a function which produces equally distributed
random numbers between zero and one RNID; 1]. This is often implemented in the form of a pseudo
random generator which calculates

RND = (as+b)modc

wheresis theseedanda, b andc are appropiately chosen constants. The new random numbsedsas
a seed for the next calculation and so on.

The distribution of this function is shown in fig 22, top. Ifyaow add two of such randon
numbers, the result will have a distribution like it is shoimrthe figure in the center. After adding 12
randum numbers you already get a very good approximationGdussian distribution with a standard
deviation ofc = 1 and a mean value af= 6. If you subtract 6 from this sum, you are done. But do not
really implement it like this, because there is a simplenfola which only uses 2 random variables and
will also do a good jobX= 0,0 = 1):

x= 1/ ~2 log,o(RNDy) - cOS2TRND )

4.3 Accuracy and Precision

Having understood the probability density distributionaogeries of measurement samples, it is now
straight forward to define precision and accuracy. Fig. [B3tilates the difference.

To summarize:
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— accuracyis a measure dofalibration,
— precisionis a maeasure dtatistics

4.3.1 Signal to Noise Ratio

Because itis a very common term in engineering, let's defia8ignal to Noise Ratiavhich is a measure
of the relative error of a signal. From the statistical mathtcs point of view we already defined it in
equation (9). But maybe you are more familiar with the follegvdefinitions which deal with the power
P and the amplitud@ of a signal. In these terms, the Signal to Noise Ratio is thvegpaatio, averaged
over a certain bandwidth of the power spectrp(w):

SNR =

— ~ 2
I:’signal _ Asignalrms
I:)noise Anoiserms 7
Pi= / p(v)dv
BW
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Quantities which come from ratios are very often — becauseprattical reasons (you avoid
multiplication and division) — expressed in decibels, alddymic pseudo-unit:

noise Anoiserms

>} A 2
Psi A
SNR(dB) := 10logy, (ES@—"E“> — 20l0gyq (M)
= PsignaldBmM] — ProisddBM|

A similar "unit” is used if you talk about the carrier as reface: [SNR(dB)]=dBc (="dB below carrier”),
and so you can also define a CNRarrier to Noise Ratio

4.4 Error Sources in digital Systems

From the digital processing, the digitization, and the agaleconstruction of the signals, there are
various sources of errors:

1. Systematic errors: Most importantly, ADC and DAC distortions: e.g. offset-jmaand linearity-
errors. These types of errors can be corrected for throulgiratzon.

2. Stochastic errors: quantization noise, quantization distortions, as well@seature and sampling
errors (clock jitter effects).

3. Intrinsic errors: DAC-transition errors and glitches. They are random, udiptable, and some-
times systematic, but it is hard to fix the source of thesegremnd so they need to be filtered.

The systematic errors can in principle be corrected forufhocalibration, and this is also the
recommended way to treat them wherever possible. The sitrarrors are hard to detect, may cause
spurious effects and therefore make life really bad. If thether you, a complete system analyzation
and probably a rework of some components may be requiredréotbem. There is (nearly) no way
to overcome them with some sort of data processing. Thernfeegfocus here on the stochastic errors,
because the way we treat them with data processing detesrieequality of the results. At least, we
can improve the situation by use of sophisticated algosthvhich, in fact, can be implemented in the
digital processing system more easily than in an analogsyst

4.4.1 Quantization Noise

The transfer function of an analog to digital converter (A0OE shown in fig. 24. The quantization
noise comes from the difference between the continousdghaiput signal level and the signal level
represented by the digital number produced by the ADC. Beethe ADC has a finite resolution, this
error can be no more th&ﬁ% of the step height (least significant bit resolutigd < 0.5LSB). The
RMS-Error of the quantization noise is
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RMS(AA) ~ v/12LSB

Although this error is not really independent of the inputrea from the digital side it actually is,
because there is no control when the least significant b#. fligs, therefore, best to treat this error as a
(quantization) noise source.

For a full scale sif)-signal, the signal-to-noise ratio coming from the quaattan noise is:

fs
SNR= 6.02n+ 1.76dB+ 10 |og< ZBW> . (12)

As you can see, it increases with lower BW. This means thabldwuthe sampling frequency increases
the SNR by 3dB (at the same signal bandwidth). This is effelstiused with, so-called, "oversampling”
schemes. Oversampling is just a term describing the fatihih a sampling frequency that is much
higher than would be required by the Nyquist criterium, yan compensate for the quantization noise
caused by a low ADC bit resolution. Especially for 1-bit-ABChis is a major issue.

In equation (12), itis assumed that the noise is equiiiributed over the full bandwidth. This is
often not the case! Instead, the noise is ofterrelatedwith the input signal! The lower the signal, the
more correlation. In the case of strong correlation, thee@ concentrated at the various harmonics of
the input signal; this is exactly where you don’t want thenithBring and a broad input signal spectrum
randomizes the quantization noise.

Nevertheless, this simple quantization noise is not thg calise of errors in the analog to digital
conversion process. There are two common, related effettssing codesindcode transition noise
These effects are intrinsic to the particular ADC chip in.uSeme binary codes will simply not be pro-
duced because of ADC malfunction as a consequence of thevliar@rchitecture and internal algorithm
responsible for the conversion process. Especially for AB@Eh many bits, this is an issue. Last but not
least, the ADC may show code transition noise; this meanghieaoutput oscillates between two steps
if the input voltage is within a critical range even if the iniproltage is constant.

5 Linear systems

You now know some of the main consequences, advantagespatatibns of using digitalized signals.
You know how to deal with aliasing, downsampling, and analimgal reconstruction. You know the
concepts of noise and the basic mathematical tools to déalitwi

Next, we are going to look more closely at thgstemswhich transform the (digital) signals.
Of course, there aranalogsystems as well agdigital ones. But, since there are not many conceptual
differences, we can focus mainly on the digital ones. Thdogiyato analog system concepts will be be
drawn from whenever usefull.

We are also going to use different notations in parallelidessthe mathematical notation, we show
the rather symbolic expressions commonly used in engmgdiglds. In contrast to the mathematical
notation, which is slightly different for analog systemsg(ey(t) = 2x(t)) and digital systems (e.g.
y[n] = 2x[n]), the latter does not make a formal difference here. Botlegpis and notations are in use in
different books on the field. They are, however, easy to wtded, so you will quickly become familar
with both notations.

5.1 Discrete-Time Systems

A systemreceives one or mori@puts and generates one or maretputs dependent on the inputs. We
distinguish between three kinds of systems:

1. MIMO (Multiple-Input-Multiple-Output) systems; these are thest general.
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2. SISO (Single-Input-Single-Output) systems; such are many efelementary systems, e.g. gain
and the unit delay, and of course many combinations:

X -y Examples: >3 -

x| — yn| yln= 2xn] F+« gain
y[nf= xn—-2] F+« delay
x— = F y yin = x[n| etc...

3. andMISO (Multiple-Input-Single-Output) systems; here the addethe most popular double-
input-single-output system:
XX —— Y

(xa[n],x2[n])) +— yn] Examples: 9 9

x— F |— =y yin| = Xa[n]+xz[n] F < Adder
y[n|= xi[n]-x2[n] F < Product

X,
Besides this, there is also a way to split signals. This predia generic Single-Input-Double-Output
system.

Starting from elementary systems, the conceugerpositiorallows us to combine systems to
create more complex systems of nearly any kind.

5.2 Superposition

Systems may be of any complexity. It is, therefore, congento look at them as a composition of sim-
pler components. If we restrict ourselves to the cladiefr systemsit is possible to first decompose
the input signals and then process them with simple systémthe end, the result will be synthezised
by superposition for prediction of the output. In this wag @an split up the problems into many pieces
of simpler complexity, and even use only few fundamentalesys. Without the concept of decomposi-
tion and linear systems, we would be forced to examine thigithdal characteristics of many unrelated
systems, but with this approach, we can focus on the traitsedinear system category as a whole.

Although most real systems found in nature are not lineastmmiothem can well be approximated
with a linear system, at least for some limited range of "$hiput signal amplitudes.

5.3 Causal, Linear, Time-Invariant Systems

Systems under investigation in this lecture should theeebelinear, causal andtime invariant We
will see what this means in detail.

5.3.1 Linearity:
Given systenf with F(x;[n]) = ya1[n] andF (x2[n]) = y2[n], thenF is said to bdinear if

F(a[n +x[n]) = F (xa[n]) + F (xz[n])
(it follows thatF (x[n] + x[n]) = F(2x[n]) = 2F (x[n])), and for two linear systenfs; andF,

Fa(F2(x{n])) = Fa(Fu(xn)))
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Fig. 25: A linear MIMO system composed of linear SISO systems andadde

5.3.2 TimeInvariance:
(also "shift-invariance”) Giverr with F(x[n]) =: y[n] is consideredime-invariantif

F(xin—K]) =y[n—k] VkeN

5.3.3 Causality:

The system igausalif the output(s) (and internal states) depend only orpifesent and pashput and
output values.

Causal: y[n|] = x[n]+3x[n—1]—2x[n— 2]
Non-causal: y[n] 3x[n] + 2x[n—1]

In the latter case the systeviproduces its output by using an input value of the input signalvhich is
ahead of time (or the currently processed time siep

534 Examples.
Which of the following systems ateear and/ortime-invariant and/orcausaf?

(D yin= AXn+Bxn-2 Ltic (@) yin= -2-n Ic
@ yinj= x(2n] | @ y[nj= Axn—-3]+C ti,c
(3 yin= ®n tic (6) yin= x2n+1] |

5.4 Linearity of MIMO and MISO-Systems

Any MIMO-system will be linear if it is composed of linear $gms and signal additions, like in the
example in fig. 25.

However, multiplication is not always linear ...

X[N] =—t——— X1 [N] =—t————y
—t—> y[n| ——> y[n|
constant
= Xo[] ———
linear nonlinear
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5.5 Decompoaositions

An important consequence of the linearity of systems is thate exist algorithms for different ways
of decomposing the input signal. The spectral analysis sedan this, so one can say the concept of
decomposition is really fundamental. The simplest decaitipos are:

— Pulse-decomposition

ittt | | ey e | e [ = |
Xn| Xo[N| x1[n] X2[N| X3[N| X12[N]
— Step-decompositions
Mhﬂlﬂl_ T s cco0000006009960
xin || ol [ [ xaln) [ Sem || em [ e |
— Fourier-decomposition
ettt | __ | R I N
x| ol |l | [ [ (e | e || el
N=16 o | Dami [ Pem [ [xem [ em [ e

..and many others ...

Later, we will make extensive use of special decompositenms also convolutions (which is the
opposite process). Their applications are in the Fouri@n3iormation, the Laplace amdransformation,
wavelets and filters.

6 Special Functions

In this very short chapter | wish to introduce to you some w@nymon functions and signal forms shown
in figure 26. Special focus will be put on tRefunction (or better: thé-distribution; but in practice the
difference does not play a big role). Other common wavefamsshown in the figure.

6.1 Thed-Function
Thed-Function can be defined for continuous and for discreteatsgn

continuous: discrete:
0 012 3
s JO X#0 0 k#£0
=1 x=0 1 k=0
/ 5(x) dx — 3 8l =

naive definition...

The continousd-function is not well defined that way. This is because itaurats that of a
distribution . One important and required property of thdunction cannot be seen this way: it is
normalized (like the Gaussian distribution) so that

/°° O(x)dx =
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Fig. 26: Common waveforms.

&

The definition above can be improved, if you look at fiéunction as the limit of a series of
functions. Some popular definitions include:
Sinc-Functions:

sin(kX
o(x) = li (Kx)
K—00 TTX
Gauss Functions:
. 1 2
o(x) =lim ——e" ¢
e—0+/TE
Lorentz-Functions:
O(X) = =
) Tle—0 X2 4 €2
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Rectangles:
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Also a complex (Fresnel) definition is possible:

More important than the correct definition are the calcatatiules of thed-function, which can
be applied independently of its definition, whether you «sar the limits of series. The most important
ones are given here:

Continous convolution rule:

1080 x0) dx=f(x0)

Discrete convolution rule:

Fourier Transform: 1

Ve

T st g —
ﬁmé(t)e =

Laplace Transform:
/ d(t—a)e Sldt =2
0
Scaling rule:
3(x)

o(ax) = W

Another popular pseudo function is the so-callthc comh which is a combination of an infinite
number of equally shifted-functions:

C(x) = z o(x—k) . -
keZ

7 Convolution

As already mentioned before, decomposition and convoiui@ the fundamental operations of linear
systems. Here we are going to look more closely at the cormfaqinvolution because the technique is
the basis for all digital filters. The specialized DigitagB8al Processors always have special and ready
made instructions built in to support this operation.

7.1 The Impulse Response

The impulse responsef a linear system is its response t@gulse on its input. For digital systems,
the discreted pulse, which is a unit pulse here, is applied and a sufficiantbrer of samplek|n| of the
output of the system are recorded (see fig. 27).

This is like ringing a bell with a hammer. The hammer produgédike exitation and after that
the bell rings for a while; this is its impulse response. Tlag\m which it rings is very characteristic for
that bell; it contains, for example, all its eigenfrequescieach of which decays with some characteristic
time constant. What you cannot hear are the phases of thewspecThe impulse responsgn| is the
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impulse response

1 impulse
> linear system —)’QAVQ-&—
hin]

Fig. 27: The concept of impulse response.

fingerprint of the system. If two linear systems have the sempeilse response, then they are identical.
This means that all possible information about the systambegfound in its impulse response. One can

say the impulse responsén is the system. Now, lets look at it from a mathematical pointiefw
For an arbitrary input signal written in the form

N-1
X[n| := 20 XnO[N—i]

we can now immediately write down the output of the systemdflmow its impulse response:

N-1
Vi = 3 xohin—i

This comes because the system is linear and so the sum stags ansl the product with a scalag,)
transforms to a product with a scalar. Only the responseeté-fanction needs to be known, but this is
just the impulse response! Try to really understand thidd&umental fact, recapitulate the linearity criteria

if necesary and make it clear to yourself wkgd[n— i] means. The features you should remember are

— h[n] has all information to process the output of the system fgrimput signal !
— hin] is calledfilter kernel of the system (and can be measured by impulse response).

— The system iscausal”if h[ij =0 Vi <O0.
— The output for any input signa(n| is:
yln =x[n[«h[n]

wherex is theconvolution operator. The mathematial definition follows.

7.2 Convolution
Given two functionsf,g: D — C, whereD C R, theconvolution of f with g, written f x g and defines
as the integral of the product dfwith a mirrored and shifted version gf

(fxg)(t) ::/Df(r)g(t—r) dt

The domainD can be extended either by periodic assumption or by zerohamft — 1) is always

defined.
Givenf,g: D — C, whereD C Z, thediscrete convolutioncan be defined in a similar way by the

sum:
(fxg)ln:= Y fKgn—K
keD
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Two examples of discrete convolutions are shown in fig. 28 2:d As you can see, it is very
simple to realize digital filters with this technique by ckow the appropiate filter kernels. You may ask
where the filter kernels come from. Well, this is the topic téfidesign where a practical formalism can
be used which we briefly discuss in the section abourzthensform.

7.3 Calculating with Convolution
7.3.1 Commutative property:

X[n]y[n] = y[n] «x[n]

The commutative property of convolution tells you that thsuit will be the same if you exchange the
input signal with the filter kernel (whatever sense this nsaklt makes more sense if you look at the

7.3.2 Associative property:

(axb)xc=ax(bxc)

X[n] — | ha[n] | — | ha[n] | — yIn]

N A

This feature allows you to rearrange systems, which areriessin different and arbitrary orders. It does
not matter if you first pass a differentiator and then a lowspar vice versa. The result will be the same.

7.3.3 Basickernels:

Identity: xX[n] * d[n] = x[n]
Scaling: X[n] x k- 8[n] = kx[n|
Shift: x[n]*d[n—a] =xn—al
Integrator:
i) = {1 n>0
0 n<O
Differentiator: hin] = 3[n] — 3[n— 1]

7.3.4 Distributive property:
axb+axc=ax(b+c)

e[ —~
== O

< X[n] — [ hy[n] + ha[n] | — y[N]

From the distributive property, it follows that parallelssgms whose output is added can be treated in
the way that you add the systems (add its impulse responsthandreat it as one system).
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Fig. 28: Realization of a low pass and a high pass filter with convotutiThe input signal is convoluted wit an
appropiate filter kernel and the result is the output signal.
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Fig. 29: Realization of a digital attenuator and calculating theévdgive of an input signal.
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735 Exercise
Givenx[n] a "pulse like” signal x[n] = 0 for small and large), what is the result of

f?

X[n]«x[n) «X[N] -« X[N] = =

Well, remember theentral limit theorem. The result will be approximately Gaussian with=
Ox - v/mand shifted in time, due to the latency which comes from tioetfaat the pulsen] lies in the
positive range oh.

7.4 Correlation Functions

One useful application of the convolution, which is essdlytthe convolution of one signal with itself, is
thecorrelation function Thecross-correlatioris a measure of similarity of two signals, commonly used
to find features in an unknown signal by comparing it to a knowe. It is a function of the relative time
between the signals and has applications in pattern reimgniA high value of the cross-correlation
function for a given lag of time indicates a high similarity the two signals at this time lag. In an
auto-correlation which is the cross-correlation of a signal with itself, evill always be at least one
peak at a lag of zero.

7.4.1 Cross-Corréation
Given two functionsf,g: D — C, whereD C R, thecross correlation of f with g:

(fog)(t):= K/D f()o(t J!rT)dr

The cross-correlation is similar in nature to the convoluif two functions. Whereas convolution
involves reversing a signal, then shifting it and multiplyiit by another signal, correlation only involves
shifting it and multiplying (no reversing).

7.4.2 Auto-Correlation
Ay(t) :=gog= K/Dg(T)g(t +1)dt

The auto-correlation can be used to detect a known waveforannoisy background, e.g. echoes of a
signal. This can also be used to detect periodicities inyamneisy signal. The autocorrelation function of

a periodic signal is also a periodic signal with the samegagitbut the phase information is lost). Because
white noise at one time is completely independent of whiieeat a different time, the autocorrelation
function of white noise is & pulse at zero. So, for the analysis of periodicities, you josk at the
autocorrelation function for bigger time lags and ignome\vthlues around zero, because this area contains
only the information about the strength of the noise countidn.

7.4.3 Discrete Correlation

For discrete systems and signals we use the discrete vefsiba correlation integral: Giveh,g: D —
C, whereD C Z, thediscrete correlation:

(fog)n:==a y fKgl+hl| .

which is identical to
f[nogn] = fn]xg[— n]
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8 Fourier Transform

TheFourier transformis a linear operator that maps complex functions to othemdexfunctions. It de-
composes a function into a continuous spectrum of its fregqgieomponents, and the inverse transform
synthesizes a function from its spectrum of frequency campts. The Fourier transform of a signal
X(t) can be thought of as that signal in thequency domain ¥).

time domain frequency domain

X(t) X(w)

Information is often hidden in thepectrum of a signal. Fig. 30 shows common waveforms and
its Fourier transforms. Also looking at theansfer functionof a system shows its frequency response.
The Fourier transform is, therefore, a commonly used toslydu will see later, a discretized version of
the Fourier transform exists which is tBéscrete Fourier Transform

Given f : D — C, whereD C R, theFourier tansformation of f is:

F() ::/ F(t)e 1 dt
D
and theinverse Fourier transformation

f(t):= /:: F(w) e dw

The Fourier transform can also be expressed using the adiomol
F(w) = [f(t) *e"*‘]tzo

8.1 Calculation with Fourier Transforms

For areal input, the transformation producesamplexspectrum which is symmetrical:

X(w) = =

complex conjugate
The Fourier transform of a cos-like signal will be purelylyeand the Fourier transform of a sin-

like signal will be purely imaginary. If you apply the Fourigansform twice, you get the time-reversed
FT FT

input signalx(t) — X(w) — x(—t). In the following most important calculation rules are suamnized:
Symmetry: FT2{X(t)} = x(—t)
Linearity:
Y FT{eaxa(t) + Coxa(t)} = €1 X (00) + G2 Xo(@)
Scaling: FT{x(\t)} = ix(c_‘))
AlTA
Convolution:
FT{x1(t) xx2(t)} = Xp(w) - Xo(w) ; FT{x1(t) - x2(t)} = X1(0) x X2(w) (13)
Integration:
DC offset
t 1 1]/
FT{ [ h(©)dt} = =X(@)+ 2 [ [ ) h(T)dT} 5(w) (14)
Time-Shift:

FT{X(t+1p)} = X (w)
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Fig. 30: Fourier transformation examples of common waveforms.

8.2 The Transfer Function
Consider the following signal path consisting of two linegstems with impulse respnsesandh,:

X0, ] 2 [ 1%

The output signal will be the convolution of the input sigmath each of the impulse response
vectors

y(t) =x(t)xhyxhy . (15)

If we now look at the spectrum of the output sigivdto) by Fourier transforming equation 15, we get
=Y (w) = X(w) - Hy(w) - Ha(w)-
Transfer Functions
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unit step step response

! I_'i linear system
| > h(t) > '
y(t)

stef(t)

Fig. 31: What is the step response of a dynamic system?

Here we made use of the calculation rule (13), that the Fotraasform of a convolution of two
signals is the product of the Fourier tansforms of each &ignghis way, we are going to call the Fourier
transforms of the impulse respondgansfer functios. The transfer function also completely describes
a (linear) system; it contains as much information as theulsgresponse (or kernel) of the system. It
is a very handy concept because it describes how the speofrarsignal is modified by a system. The
transfer function is a complex function, so it not only givlee amplitude relatiofH (w)| of a system’s
output relative to its input, but also the phase relationise @bsolute value of the transfer function can

tell you immediately what kind of filter characteristic theseem has. For example, a function liké| =
HI

1 N
' » behaves like a low-pass.

It is now also very easy to tell, what the output spectrum ofudtiplier will be:

X2
¥
X1 @ y
y(t) =xa(t) - X2(t)
= Y(OO) = X]_((x)) * XZ((A))

Itis the convolution of the two input spectra. In the specade, where one input signal consists only of a
single frequency peak, the spectrum of the second inpubeithoved to this frequency. So a multiplier
(somtimes also called mixer) can be used to shift sprectra. Exercise: how does the irgggibectrum
look like if you have a single frequency on each of the two ispuVhich frequency components will be
present? Do not forget the negative frequencies!

8.3 Step Response

Earlier in this lecture we have defined the impulse respohsesgstem. This was a way to extract the
essential information of that system. But this is not theyewdy to do it. An equivalent method uses the
step responsestead. The step response is the response of a system tty step. Unity step means,
the input changes instantly from 0 to unity value (1). Theeayswill react on this excitation showing
its step response (see fig. 31). It also contains all therimdition of the system, and can be also used as
a fingerprint, exactly the same as the impulse response @bege are rather practical reasons why one
might prefer to look at the step response: Knowing the stepamse of a system gives information on
the dynamic stability of such a system and on its ability tachea stationary state, starting from another
State.

Showing the equivalence to the impulse response is now antasis with the convolution rule
(13) and the integration rule (14) of the Fourier calculus:
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Y() = stert) 1) = ?

FT / FT FT
£ 711 Hw) 1
Y(w) = <E+ E{é(w)) -I—&oo) = "in +E[6(oo)H(m)

DC offset

from table low-pass

FT-1

: =
y(t) = J_o h(T) dT
The step response is the integral over time of the impulgores.

8.3.1 Correlation Revisited

Coming back to correlation, what does the sprectrum of theetadion function tell us?
auto-correlation:
s(t) #5(—1) < S() - S’ (@) = [S()
Energyspectrum

The the spectrum of the autocorrelation function of a sigftalis identical to itsenergy spectrum
The information about phase (or time/shift/location) istjoso one can say, that the autocorrelation
function istime invariant

cross-correlation:
s(t) *g(—t) < S(w) - G (@)
Here, thereal part of the spectrum of the cross-correlation of of two sigells us about parts which
aresimilar, and themaginarypart of the spectrum tells us about parts whichrasecorrelated

9 Laplace Transform

You have seen how handy the Fourier transformation can beserithing (linear) systems witi{t). But
a Fourier transform is not always defined:

— e.g.x(t) = e! has an infinite frequency spectriXiw) > 0 everywhere;
— e.g.X(t) = € is unbounded and can not even be represented;

— e.g. steft) — infinite frequency spectrum;

— alot ofd-functions appear, etc...

To handle this, we decompose these functions, not only istet af ordinary cosine and sine functions,
but we also use exponential functions and exponentiallypgahor growing sine and cosine functions.
It is not so complicated to do. We just substitute the fregygarmiw by a general complex number
You can look at this as introducing a complex frequency

p=0+iw |,
wherewis the known real frequency amdis a (also real) damping term. The functions to deal with now
become: ‘
ft)=e P=eg .
Instead of the Fourier transform we now introduce a more ig¢ansform, called theaplace trans-
form: Givens: R™ — R, theLaplace transformation of sis:

S(t) = | S(p) == [ s(t)e Pdt
/
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s here

Fig. 32: The p-plane.

and theinverse transformation

1 O+tio
- — ePtdp fort>0
S(p) 0 st) 1= 4 2mi o, PP =

0 fort<O
Remember:

— s(t) isreal ands(t) = 0 fort < O.
— §(p) is a complex functionCC S.c (in contrast to the Fourier transformation, whare Q).

We will come back to the inverse Laplace transform later iaptar 9.5.

9.1 Region of Convergence

As we mentioned before, the Fourier transformation was hedyes defined, even a simple sine wave
produced &-peak in its spectrum which causes a problem. So then, dedsatblace transform always
exist? The Answer is: no, but there is an are@fe- 0p; 0p € R where it existsiegion of convergenge
This meansiM < o : |s(t)| < Me™. If g < 0, also the Fourier transform exists.

To see what that means in practice, it is useful to visualimeftinctions and numbers we deal
with in a grafic. This is possible if we look at the complex mashown in fig. 32, called thp-plane.
Different points on the plane correspond to different typisase functions as shown. The ordinary sine
and cosine functions are also present and live on the imggmas. If the imaginary axis lies inside
of the convergence area, then also the Fourier transforetsex@nd you will get it if you go along the
imaginary axis. In addition, you also get spectral valuesther regions of the plane.

What is this good for? Well, it's good for solving differeatiequations, especially thouse for
analodfilters. Lets see how this works out. Formally, we do exadily same as we did with the Fourier
transform:
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L

We will have the concept of transfer functions slightly exted onto the whol@-plane, but the
concept stays the same. So we may get answers to questiengiiat filter do | need for getting a spe-
cific outputy(t)? Or we can compose the system out of subsystems by multiphimtransfer functions
of each of them, etc. This implies already that we will havarlyethe same or similar calculation rules
like with the Fourier transformation, and indeed that'satlyatrue.

Calculating with the Laplace Transform

As before, we have similar calculation rules to the onesHerRourier transform. In addition also the
integration and differentiation opertations can be tramsged.

X(t) -5 X (p) =5 x(1)
Linearity:
L{caxq(t) 4+ caXo(t) } = €1 X1(p) + C2 X2(P)
Scaling: L i) = %X(Xp)i A0
Time-Shift:
L{x(t—t)} =€ PS(p) ; L HX(p+po)}=e™s(t); to>0
Convolution:
L{xa(t) xe(t)} =Xa(p)- Xa(p) 5 L™ HXa(p)*Xe(p)} = xa(t) -Xe(t)
Integration:

t
L{/s(r)dr} _ ?
0

s(t)
t

L [ sy =2V
p
Differentiation:

dn n . dks
L{ws(t)} =p'S(p) fif Wh:ozo vk<n

Laplace Transformation Examples

L{stept)} = ?1) ;, 0>0

L{3(t)} = L{%ster{t)} — g —1
e*top
L{stegt—to)} = 5 ; t,0>0

1
L {ePistedt —tg)l = ——— :0>R
{ ft—to)} 0= o &(Po)
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Fig. 33: Two poles and one zero in the p-plane for the complex speadftardamped oscillation.

L {coq(wpt) steft)} = % (p—liwo + p+1i(oo> = pzfo%
L {sin(uxt) steft)} = % (p—liooo - p+1iwo> = pZ(iOu% , 0>0
L{t"stept)} = n ; 0>0,neNp

pI’H‘

9.2 Poles and Zeros

Now, we are interested in regions where the Laplace tramsftion does not exist. Also looking at the
Fourier transformation, such functions were of interesm@mber: the spectrum of a sine function has
two poles. These where expresseddiynctions, but in practice this means, that there are usiphy
infinities and spectral peaks with zero bandwidth. Not niecause the Fourier spectrum is included in
the Laplace spectrum, we also expect such poles here. fthayl can not be inside of the convergence
region, but anyway they are of interest. We will see why sd@aiier areas of interest are such, where the
spectral components are exactly zero. That means, sightdese frequencies are completely rejected
by the system. Zeros are of interest because they have thetjabto cancel out poles. This is of mayor
interest, because system instabilities (which usuallynmadhat they have poles and the output signal
will grow ad infinitum, mostly also oscillating) can be curédnother system with an appropiate pole is
put in series (or in paralel) to the unstable one. But firss leave a closer look at poles in tipeplane.
Remember that the real spectrum of the signals live only ennttaginary axis. We will see how a pole
(or a zero) near by this axis will influence the spectrum.

First we are going to analyze the Laplace transform of a ¢qafiavalues fort < O are zero)
damped oscillation:

P—Po
(P—po)2+wg
whereuy) is a real number anpgy should be real bupg < 0. After having calculated the Laplace transform
of this function (using the calculation rules given abow@)e can read from equation (16) that there is
one zero afpg and two polespy £ wy (see fig. 33). Since no pole lies to the rightmf, the region of
convergence is 0 —Re(pg) >0 (0o =Re(po)).

Because the imaginary axis is inside the region of convergeaiso a Fourier transform exist. It

looks like:

—Wo Wo

L {coqwot) exp( pot) steft)} = (16)
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and you can see the resonance. If the poles were ondkis, ad-Function would be necessary for
expressing the spectrum:

—wy  @p

9.3 Laplace Transform of Linear Systems

To be more general, we now have a look at arbitrary lineaegyst The general differential equation for
such analog filters is

Coefficients from the filter components (resis-

tors, capacitors, inductivities, ...) y(t) — k; + Z bk wy(t) (17)

z ay p*
K=0 '
N
1- 5 bepk
k=1

Here, the transfer functioH (p) is defined for the whole complex plane using the coefficiemmfthe
differential equation. Its general form is

M K M
S ap am [N (P— Pok)
k=0 - k=1

H (p) = N - M
1- 3 bep¢  —bn [1(P— Ppk)
k=1 k=1
The factorizing is always possiblepg are thezerosand ppx the polesof the transfer function. The
transfer function is fully determined by its poles and zdmsept for a complex factcﬁ%)!

9.4 The Transfer Function

Consider you know all poles and zeros of a system, you can diatedy estimate without too much
calculating what the frequency response of the system willHberefore, we look at the absolute value
of the transfer function (it is also possible and also vegyda calculate the phasis

’ — ‘ |_|k 1 | p— p0k|
|_|| =1 | p— pIO||
As a matter of interpretation you can think of this as

[1distances between z and zeros
[distances between z and poles

H(p)| =

Fig. 34 illustrates how you can read the frequency respamse & little graphic. You scan from
zero along the imaginary axis (which gives you the real fezmy w) and from each porgyou measure
the distances betweenand zeros and the distances betweemnd poles, multiply and divide them
together and plot the result in the diagram in dependeney &f it is shown in fig. 34. This is the way
your filter design tools do it (no magic).

3Have a look at chapter 11.1. It works the same here.
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Fig. 35: Different integration paths around poles for the inversplaee transform.

9.5 The Inverse Laplace Transform
Theinverse Laplace transformatiomas already earlier defined as

O-+ioo
- 1
S(p) = s(t) = / S(p)ePdp fort>0 . (18)
O—ioo
Now the question might be, how come that the integration §oas minus infinity to infinity exactly on
the boundary of the convergence area? Indeed it is not reggassdo it this way. But: The integration
path needs to encircle all poles (exacly once) counterolmek From residual theorie we know that the

contributions of a holomorph function on an area where negale, is zero for any closed integration
loop. So we define:

SO = 5= § Spletdp

path

s(t) = Y Resy, (S(p)e”)

Ppk

Recapitulate the definition of thresiduumof a pole of functionf at pg of orderk:

k—1
Resn(1) 1= gy agex TP (=m0 (19




O+ico
Looking at fig. 35, we see how the definition (18) fits into thatyre. The integration path/

O—io
which lies completely inside or at least at the left bordethaf region of convergence (no poles are on
the right side) already contains the whole residue infolmnatAs you can see in fig. 35, the integration
path can be extended by a counterclockwise encirculaticall gfoles in the far region of the p-plane.

Now, theinitial value theorem(also a calculation rule we have not yet mentioned):

s(0) = ,Ig'ﬂl, pS(p) < const

tells us that the behavior & p) for large|p| should be at least a decay of the ordet${p)| < % SO

that forplim the contribution to this path of integration is zero.

Examples
Finally, let's do two examples of inverse Laplace trans®tmsee how it works out:

1. po single pole of . 1
S(p) o a ., Po
s(t) = Resa[S(p)e]
1 do _
T @=1 dpP <p+aept(p+a)l> ‘ e
2. ole of third order of 1
PoP S(p)i= 5 k=3 po=0
s(t) = Reg[S(p)e”]

_ 1 @ ieptp?% ‘ e
2! dp? \ p3 p=0 2

10 Discrete Transforms and Dgital Filters

In the last chapter, we have mainly developed the matheatdtiomalism for analog signal processing
and for continuous linear systems. Since the aim of thisufecis to treat digitized data and realize
systems with digital signal processing, our job is now tagfarm the concepts in such a way that we
can make use of them for the design of digital systems. Mangeajuts are the same or at least similar.
The quantization of time and value has only a small effed,iatthe limit for an infinitely high sampling
rate and real numbers, it should be the same. Neverthekessertioned before, we have to deal with
these quantization effects, and there are fundamentareiftes, some of which we already discussed.
Remember: The spectrum of sampled signals is alyway®dic, because of aliasing, and the spectrum
of a (continuous) periodic signal is also always periodichis ts also true for sampled signals.

10.1 The Discrete Fourier Transform

Because of this, we can define a transformation which mapeeleet the periods in time domain and
the periods in frequency domain. This can be done withdiberete Fourier transformIn contrast to
the continuous Fourier transform, the discrete Fourierstiam is always defined and maps uniquely
between these domains, without ambiguities.
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one period of DFT one period of

sampled signal | < > spectrum
"discrete fourier transform™

Given a period (of lengtiN) of sampless|n] (€ R or C) with n € [0,...,N[C Ny, the discrete

Fourier transformis defined as:
N-1

SK= 3 s e N

whereSKk| € C, ke [0,...,N[C No.
Theinverse discrete Fourier transformis

1 N-1

| = < k; Sk iR

Calculation rules for the DFT are exactly the same as for tdmiicous Fourier Transformdirg-
earity, symmetry, etc..), just replacew with the discrete frequency

k N-1 )
Wy :2M— = Suyl= Y sne ™"
N 2

and then substitute= %2 -N |, ke No.

But there are also two important differences, one is the
Scaling: (A € Z) DET {xAn]} = %X(%) — X[?7?

which will not work, because the length of the period itsslimodified. A little modification needs to be
applied to the
Time-Shift:

DFT{x[n+no|} = &“xoX[K]
And finally, with the convolution, one needs to pay attention, because if the result has monales
than the period, it needs to be folded back into the period.

10.2 The Fast Fourier Transform (FFT)

If the number of samples of the data snapshdi is 2™, m € Zo, there is a fast and efficient algorithm
to compute the discrete Fourier transform (DFT) and itsriswe The details of these (there are many)
algorithms are beyond the scope of this lecture and so youreieyto the literature.

Since this algorithm can only be applied to snapshots withraler of samples that is a power of
2, there are several techniques, which match the numbengdleaN to 2™, mainly

1. zero-padding
2. windowing, also for estimation of FT of an aperiodiiggnal and time-frequency-analysis.

Here, you may also refer to the literature.
10.3 Digital Filters

Let’s consider the very basic systems and elementary lioparations we can think of. We find that
there are only three of them: tigain, theadderand theunit delay
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Fig. 36: Alternative presentation of equation (20).

1. I k y[n] = k-x[n|
gain
2 i ) yin) = xa[n] + [} Ii.near and time invariant opera-
tions
3. ubD y[n] = x[n—1]
unit delay

Any combination of these operations is calletmital filter” .
In analogy to the differential equation for analog systesee(eq. (17))
N dk M dk
t) = —X(t —y(t
V) = 3 cieggei(®)+ 3 Beggy(®)

we can define a similagquation of differencefor the digital systems which only consists of the above
mentioned three operations (compare with the equivaleattioo shown in figure 36):

N-1 M—1
=yl =5 axin—K+ 5 byn—k| . (20)
k=0 k=1
direct recursive

Using the convolution operator we also can write
y[n] = a[M]«x[n] +b[N]xy[n]
where we have two filter kernels, one direct kerail] and one recursive kernb|N].

10.3.1 Impulse Response of a Digital Filter

Now, what does the impulse response of the general digital filenoted in equation (20) look like?
Remember, the digital unit impulse is defined as

x[n] =9d[n| := {1 n=0 . :

0 n#0 |
0123
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Let's write down the response to that input:

0 n<O0
ag n=20

min(n,N)

an+ Y b¢hn—kl n>0
k=1

= h[n] =y[n| =

Now we can distinguish between two different cases:

1. Ifbk=0—h[n]=4a,, n>0we talk about &inite Impulse Response Filter (FIR)and
2. if at least ondyy, # O, then we call itnfinite Impulse Response Filter (IIR).

It is clear to see why it is named in this way: for the FIR-filtke impulse response has only a finite
number of non-zero values, which means, that thereniswahereh[i] =0 Vi > n¢. In contrast to this,
the impulse response will (in general) be of infinite lengtithough only a finite set of the coefficients
(ax, bk) generate it.

10.3.2 Order of a Filter

Besides the class of the digital filter (FIR or lIR-Filterhather important characteristic parameter is the
order of the filter. It is defined as follows:

AN,M): (8an=0 Yn>N)A(bh=0 VYn>M)
Order = max(N,M)

So the order is the minimum number of coefficients needed pieiment it. The order is also a
measure for the maximutatency (or delay) of a filter, because it counts the maximum numbemdf
delays needed to complete the output (refer to fig. 36).

For an FIR filter, the order of the filter is equal to the lengthh® impulse response. For an IIR
filter this is not the case.

10.3.3 Transfer Function of a Digital Filter

With the help of the discrete Fourier transform, it is straifprward to find an expression for the general
form of thetransfer functionof such a digital filter, starting with equation (20):

N M
— K by y[n— K
}[n] k;a» X[nl Hk; kYN \ ]

DFT time shift time shift rule
DFT w N
J 7 >

. M —
Y(wy) = ZJa; X (wy) €79k 4 kZlb;Y(wd)e"“’dk

N .
> a (e
X () 0 Voo H (o) 1= _ k:OM (21)
1— 3 by(eiwa)k
k=1

Remember that the digital frequan@y is periodic withws (—TT< Wy < ).
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Further, remember that we developed a similar formula ippt#a9.3. In that case, we used the
Laplace transform (as a more general expression which weasded to complex frequencies) instead of
the Fourier transform. It is also possible to do (more or)ldss same thing here for the digital systems.
We can substitute:= €*¢ and extend it to the complex by including a damping term

z:= %o

The resulting transform (which is a modified DFT) will be ealk transform

11 The z Transform

Introducing thez-transform, we develop a tool which is as powerful as the aegpltransform mentioned
in chapter 9, but also applicable for digital systems andaligignals. The concept is based on the peri-
odicity of the spectra of digital signals. With a suitablansformation, all tools and methods developed
for analog systems and analog signals using the Laplaceforam can be adapted for use with digital
ones.

Starting with the discrete transfer function, we simply te substitutiorz := €% (= eZT“'%) in
equation (21):
k k
S &z
substitution k=0
H(w) — H(@)=—77—
1-— > bkfk
k=1

This substitution maps the frequency-axis to the unit eiiclthe complex-plane:

§¥§ %iykimzm%u

_=2fs —=fsT c=) I fis 2=fS \K‘\j r
wg= - W= N\

This concept is useful, because it automatically accowumtshé periodicity okoy. Thez-plane (or
the unit circle) is a representation of one period of thetdidgrequency. Frequencies above the Nyquist
frequency are automatically mapped to the place whereidsiag) frequency would be. So there will be
no aliasing from now on.

Now, we can extend this concept to the whole complex ptan&. We, therefore, add a damping
term to the digital frequencyoy:

(*)dGR[—TLT[] — g, €C

Wy, =y +10
=z=¢duwy, =™

As shown in fig. 37, different points and regions fmorrespond to different classes of (sampled)
functions. As with the p-plane for the Laplace transformsitées discrete sine and cosine functions
there are also discrete exponential functions, as well psrentially damped and growing functions.
Together, this set of functions forms a basis for the decaitipa of any discrete signal. Especially for
the expression of the transfer functions of discrete system can find a very handy way; it is similar to
what we did with the transfer functions of analog systemsofized in poles and zeros in the p-plane.
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Fig. 37: Thezplane.
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Fig. 38: Calculation the frequency response of a digital system fiterpoles and zeros of its transfer function in
thez-plane.

11.1 Poles and Zeros in the-Plane
Also, in thez-plane, a factorization of equation (21) is always possible

_ 0oty (1-20z )
Hia)= MLi(1—zpz 2

wherezy are thezerosandz,,; are thepolesof the function. The absolute value of the frequency respons
can be calculated in a similar way, by scannzrgjong the unit circle as shown in fig. 38

_ [Ndistances between z and zeros
~ [distances between z and poles

H(2)]
A handy formula for the phases bff(z) is also available

/H(z) = Z /(z— zerog — Z /(z—poleg

All this can be done by a very easy calculation, or even gcablyi if you like.
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Examples
1. 2nd Order non Recursive Filter (FIR)

zero double pole

hin] = (3.1, 5} \ \

1 1
— ¥ = Sxn+x{n— 1]+ 5xn—2] A /i r
_ e ge A >

H (g
— H(E) - |

1 1 72

—H@==+z1+2z2="A(z+1) %8
2 2 2 05

Poles:zy =z =0, Zeros:zpr = —1 0 |
0 05 10
2. 1st Order Recursive (lIR) Filter

01234567

1 z
H = pr—
—H@O=1"%5571" 709 >
H|
Poles:z,; = 0.9, Zerosizop1 =0 5 ’
0 - 1 o
0 05 10 2n

11.2 The z-Transformation
Givenh:Z§ — R, theztransformation of his:

hin| —|H(z2) := hinjz™"

causalhjn|=0 vn<0

This is the same as DFT plus substitutior= €%,
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Fig. 39: p-plane and-plane.

Region of Convergence
The region of convergence (Roc) can be defined as follows:

W

=if |h[n]| <Mr" Vvn, reR" = h(z) existsvzeC:|z>r

(all the poles oh(z) lie inside a circle ofz| <r.)

If the impulse response of the system is decaying faster d¢happroximately exponentially, then all
poles lay inside a circle of finite size, and the z-transforiste outside of that circle.

11.3 z-Transforms of Common Signals

Some z-Transforms of common signals are given in fig. 40 aadrthst common calculation rules are
summarized in fig. 41. As you can see, the behaviour is quitdasi to what you already know from
the Fourier and the Laplace transforms. The convolutioesrale especially the same. Also, the regions
of the planes can be comparable if you want to compare anaftgras and corresponding discrete
systems by looking at their poles and zeros in the p-planepdane, respectively. If you map both
planes with the so-calleHilinear transformationon each other, as shown in fig. 39, you can directly
compare frequency-responses, stability issues, and ada.nThis mapping from analog to digital is
also a common technique in digital filter design.

11.4 The Inversez-Transformation
Similar to the inverse Laplace transform, we now definetkierse z-transfornas follows:

X(2) 225 xfn] = % 7{: X(22" ldz | 22)
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Signal z-Transform Pole Zero Roc

[N 1.0=1 - - zeC
on—ngl; mpeN z"o 0 - z#0
® 1 z
k _ _
stedn] kZOZ_ =1 71-71 1 0 |7>1
az
h[n] =an Z-17 1 0 |7>1
— s (ko %
hinj=b" beR kZO(Z) =5 b 0 IZ>b
B Z(z— coqw)) ° °
h[n] = cogwn) Z— 270090) £ 1 2 ocosw [Z] >1-7
zsin(w)

? 0 zZl>1-7
22 —2zcoqw) +1 12>

Fig. 40: ztransform of common signals.

Signal z-Transform ry<|z <rp
Linearity: a;xg [n] + 82X2[n] alxl(z) + 82X2(Z) DyND,
, - z#0ifk>0
Time shifting: x[n—K] z*X(2) 7 _
z#+wif k<O
Scaling: ax[n| X(a 1z lalrz < |2 < |ajry
Time reversal: X[—n| X(zY) t<ld<d
Convolution: X1[N] * X2[N] X1(2) X2(2) D1ND;
Multiplication: x1[n] - x2[n] % $ X1(v) Xz(\—zl)rldv rura < |2 < ruray
c
. L -1
Differentiation:  x[n] — x[n—1] ZTX(Z)
initial value: x[0] = ZIim X(2)
final value: X[oo] = lim(z—1)X(2)
N1

Fig. 41: Calculating with the-transform.

whereC is a counterclockwise, closed-path encircling the origid antirely in theregion of conver-
gence C must encircle all of the poles 0f(z). In this case equation (22) can be expressed using the
calculus of residuals

xn =y Res,, (X(22" 1)
Zpk
Example
Zo single pole of

xn = Reg[X(2)2"!]

1 d® /1
- s ()

Remember the definition of the residuum, eq. (19).

:{1 n:1_6[n_1]

z=0 |0 n#l
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12 Digital Filter Design

In this chapter, I'd like to give you some hints about how yaum clesign a filter for your applications.
We can not go into details here, since filter design is a whaléepsion and there are many books about
it and also advanced toolboxes for computer aided desigas&ssions about modeling tools and control
theory cover parts of it.

Having the mathematical concepts in mind, it would be times® them now. A common problem
is to find the filter coefficients; and; (for analog filters) og; andby; (for digital filters), or, if you want,
to have a simple implementation, the filter kerhd] of a FIR filter. You should have at least some idea
about the frequency response; should it have low pass, lkighqr band-pass characteristics, what is the
center or edge frequency and what is the phase response ofdfeen to be created? This is especially
necessary if you design feedback loops and stability is goncern.

Well, that's how you could start;

— do not specifya;, by but zeros zg, andpoleszy; by the transfer functiot (z), H(wq), the impulse
responsen[n], or the step-responsgn|. Usually, you do this by trial and error: you place some
poles and zeros on theplane and calculate the frequency response (if you areestied in the
frequency domain), or the step response (if you are intgdsttime domain) or both. Then you
can move these poles around to see how that changes thesesp&wentually add more zeros or
poles and try to cancel out resonances if they bother you, etc

— then calculatey andb; or h[n| for implementation. The implemtation is straight-forwamndd not
very difficult; if you keep the order of your filter small, treewill not be so many surprises later.

To make this trial and error job a litte more sophisticateml) ghould know that

1. because;,b; usually should be real (for implementation);~ Zox andz,; need to be real or they
appear in complex conjugapairs.
2. The filter kernel should be finite or at least
lim hin] =0

nN—oo

otherwise the filter might be unstable. A consequence oftthisidary is thatz,| < 1, which
means the poles need to be located inside the unit circle.

Filter Design Checklist
Last | will give you a checklist for filter design:

1. Specify theransfer function Hf)
2. Specify the type of the filtei{IR or IIR) numerical stability, dispersion

3. Specify theorder of the filter (number of poles and zeras)mpromise between implentational
effort and approximation of ideal transfer function.

4. Select thenethodfor filter design:
— numerical (computer based) optimization of coefficients

— convert analog filter to digital filtampulse response invariant (windowing) design, transfer
function invariant design, bilinear transformation

— use filter transformation prototypes.

51



noise

s

Fig. 42: Filtering a noisy signal with a low-pass filter. The resutiiise-shifted and the high frequency components
(the sharp edges) of the signal are not well reconstructed.

13 The Kalman Filter

In this section, | present the idea of a special, highly ukéiter, the Kalman Filter. Though this
filter can be implemented as an ordinary digital IIR filtele #toncept behind it may be more difficult
to understand. The Kalman filter is useful to filter out thespodf a signal, whose signal-to-noise ratio
is very poor, but about which you know a bit about the undagyprocess producing the input stream
of measurements. From this extra knowlege, one can takentedya and improve the signal quality,
effectively removing noise from the signal. The Kalmanétiioes this best, it is the optimal filter with
respect to virtuallyany criteriumthat makes sense.

13.1 Fighting the noise

We discussed common sources of noise earlier in this leclthie noise may come from the nature of
the process that gives you the measurements or it may cometlfid detector or sensor (including the
noise sources which belong to the digitization processyways, you very often end up with a stream
of measurementg{n] which has a bad signal-to-noise-ratio. For signal proogssiou need to improve
the signal quality, remove the noise, and since you cannatave the measurement hardware, you will
have to do your best to do it within the digital signal prociessif.

The first idea which comes into mind is to use a low-pass fiterqome averageing of the input
signal). This idea is not too bad and can work well, if your plng frequency is high enough and two
side effects do not bother you: mainly the latency, timetsdiid phase response introduced with the
filter and the fact that you remove only the high frequencyseaomponents. As a consequence, the
higher harmonics of your signal may be smeared out and yqu tkeslow-frequency noise components
on your signal. If you can live with this, fine, but in many sitions, like the one shown in fig. 42, you
might not be satisfied very much with the result.

The Kalman filter can improve the situation. This means, titoituces nearly no latency while
doing a good job of noise filtering and conserving the higlydiency components of your signal. Last
but not least, the Kalman filter is still a causaistem, but it can only work if you have some extra
knowledge about the underlying process and if you are aldestte a model (at least a very simple one)
of it.

If you also have the chance to use non-causal filtering (mégoause the data is produced in
chunks and can be processed as a whole), then techniquek areidescribed in the chapter about
wavelets may also be applicable.

13.2 Predictive/Adaptive Filters

First, the Kalman filter is amdaptive filter this means that its filter coefficients are not constant, but
instead change in adaption to the filtered data itself. FigexXplains the principle. A special system
identification block within the filter analyzes the data aattualates new optimal filter coefficients from

it using sophisticated algorithms.
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Fig. 43: Principle of an adaptive and predictive filter (like the Kalmfilter). The filter consists of a model of
the underlying process which can calculate predicted gdiwen the model parameters (and the latest measured
values). The model parameters are adapted from a systefifichtion block. The algorithm is essential for the
optimality of the Kalman filter; it always follows the variem of the measured data and the predicted data, based
on the rule of "propagation of error”. In this way, it is gataed that the output variance is always smaller than (or
equal to) the variance of the input signal.

The second attribute of the Kalman filter is that ipiedictive This simply means that it has some
algorithm, which allows it to calculate a prediction (exfaion) of the current measurement or input
value, based on the latest measurements anddelof the underlying process. Both the measured value
and the predicted value are then combined to produce theitoefkthe filter.

The trick is now to do this combination in such a way that, delieg on the certainty of either
the predicted or the measured value, the output repredentsest certainty of both together. This trick
is based on the rule of "propagation of error” (a well knownaoept which will be discussed soon). This
way, it is garanteed, that the output variance is alwayslemiilan (or equal to) the variance of the input
signal.

13.3 Example: Navigation

To understand how that works, we are going to develop a singple dimensional example: the esti-
mation of a position of a boat on the (one dimensional) oc&uppose we are only interested in one
parameter (e.g. the lattitude or longitude). For positiasurements, the crew can use different meth-
ods, let's say a sextant for navigation with the sun or thesstad a modern GPS-receiver. Depending on
the person who is doing the position determination, thetjposvaluesx[n| may have different precision
(expressed by the variancef|), depending on the method used or the person who does it.

First think of the simple situation, where the boat is mordess at rest and a first poisition
measurement is done (at tih@ with an uncertainty known to be;, which might be very large, because
let’s say a beginner does this navigation:

first measurement: x; +07 := (X(t1) £ Ax(t1))
Now we analyze how a second measurement (nearly at the saem t t;)*
second measurement: x; + 07 := (X(t2) £ Ax(t2))

can improve the knowlege of the position. Assume the uniceyta, of this second measurement is
smaller than the first one (because now the captain himgkthdimeasurement). You could throw away

4For the moment the times do not play a role, because we asshebdat to be at rest.
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the first measurement and only use the second one. But thislWwewnot the best solution, because the
first measurement also contains information we could befnefit. So the clever way is to combine both
measurements

05 02
, A 2 2
= bestestimate: X= ——=55 X1+ 55X
01+02 01+02
. . 1 _
uncertainty: 6= —=—=< min(o1, 05)
%t "ot

so that the variancé of the resulting position measuremexis even better than the best of each single
measurement.

But what if some noticable/relevant time has passed bettfeemeasurements?
To be more general we can say:

= % ( 2 (
X(ty) = X(ty) + -X(to
(tz) 02+ 03 ) 02+ 03 )

2

= X(tl) + ﬁ : (X(tZ) - X(tl))

Now we consider a stream of (new) input d&ta; := X(t,.1) which should be combined with the
latest best valug,to produce a new best valxg, 7. (remember: the variances,.; of each measure-
ment is assumed to be known. This is trivial if the measurdrmevice is the same for all measurements,
sinceay 1 can be assumed to be constant. But even, jf, is not known in advance, one can estimate it
by calculating the variance (e.g. with the method of runrstagistics) of the input signal stream.

K1 = Zn+ Knp1 (X(the1) — %n) (23)
1

Oni1= - — (24)  prediction equation”
\/1/62+1/0
/OR+1/07,4 "Kalman gain”
where Kpipi= 55—

A2
Oh+ cjn—%l

The new prediction (say best estimate of the position) igthas the old prediction and the new
measurement value. There is one curiousitys shrinking all the time! Becoming smaller and smaller
and approaching zero. This means, that with time you can igetlly precise value of your position with
any bad and ugly measurement device. But remember thatdhis bnly if the boat is really at rest and
the position does not change with time.

Finally, we want to discuss the more realistic case that tia is moving (with a constant velocity
v). We can now extend the example to be even more general:

Since we know the physical influence of a velocity of the bpaisition

dx
- A
at v+ Av

(this is the undelying process) we can introdugaadel:
X(t) = v(t) - (t —to) + X(to)
wherev(t) + Av(t) is assumed to be known by a different measurement (calledmyislentification).

Besides this, we also assume thias constant or changing only adiabatically (slowly complaie the
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Fig. 44: Evolution of the propability density

of the position derived from the model. Be-

cause the velocity also has a non-zero vari-

ance, the variances of the positions derived

from it becomes larger with time, so the un-
x certainty is increasing.

propagation of probability density

sampling rate of the position measurements). The modeltallsous the expected uncertainty of the
calculated position value:

o(t) = \/(Bv- (t —10))2 + (0(to))2
If, at this moment, you do not understand this formula, réedaragraph about "propagation of error”.

Fig. 44 shows you what this means: Because the velocity @s@mon-zero variance, the variances of
the position derived from it become larger with tinei§¢ growing!), so the uncertainty is increasing!

Now let's see, what this means for our example. Since the iso@bving, we can not simply
combine the latest best value with the new measurementubecome time has passed since the last
measurement and we know (by our model) that the position imast changed in the meantime and
we cannot simply combine it (to produce an average). Inst@achave to consider this position change
since the last measurement. This can be done by a predictitme actual position by our model:
X(th+1) =: Xh+1 based on the model parametethe last "known” positiorx(t,):

Xnt1:=Vn- (the1 —th) +X(tn) (25)

and a measure of the certainty of this prediction:

Gre1 = \/ (BVn- (tns —10))2 + G2 . (26)

Propagation of Error
Consider a function
f=f(ag,00,...,0q)

which is a function of one ore more (model) parametgrseach with corresponding errofs;. Now
you want to know the consequence of these errors on the amoalor uncertainty of.

of 2

Maybe you have seen this before, because this a very commuonlin physics and applies everywhere
where measurements are done. In our example this means:

X(t) =v-t+Xo

ox 2 ox 2 /ox \?
cn [ (Za)  (Z) s (Sa)

= \/(Av't)2+ (&xo)?

(assuminght = 0).
This assumes, that the individual errors are not correlateiare Gaussian distributed. This is
likely because of the central limit theorem, but not garadte
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The Kalman Gain

Now we use the Kalman prediction equations (23) and (24) takine the new measuremext, 1
with the value from the model, which is a propagation of theda predicted value,for the time
(the1 —tn) using the model parameteng) (see equations (25) and (26)). For all values, the unceytai
or measurement error is regarded.

The output X, from inputx, := X(t,)) of the Kalman filter becomes:
_ = _ A 1
=X +Kn(a=%) | On=——m—e
B R T/ ES 12
o5

where =
Of + 07

is the redefinedKalman gain
With some additional substitution$, .=t 1 —tp,

X — y[n] Kalman-Filter output
fno1— y[n—1] last output value
X —  X[n| input value

one can see the general structure (difference-equatichgedfigital filter:

yin = Vo T+yIn—1+Ka(Xn] = Vo T —y[n—1))
= Kn- X +(1—Ky) (Va-T4+yn—1])
~— ——

\ mesirenen X i
weights which represent the accuracy

of the data and the model

And this is also the way the Kalman filter could be implementidtice that the second term is
a recursive part of the filter. The Kalman gain is the weightolwldecides how much model and how
much input data goes to the output. If the prediction fromntiuelel is bad (the corresponding estimated
varianceo is large), the Kalman gain tendsko= 1 and so the input will be directly passed to the output
without using the model at all, but also without making thépoi data more noisy than the input. On
the contrary, if the input data occasionally has a lot of @a@isd the model and its model parameters are
still fine, K will be closer to zero and the output data of the Kalman filtdirtve dominated by the model
predictions and its statistics.

13.4 The internal Structure
Now lets summarize, what we learned about the Kalman filter:

— The Kalman filter makes use of an internal model and modelpeters.
— The "internal” system/model parametecs\{ Av) are calculated from input data itself!

— Also the variances of the input data stream and the varsaofde derived predicted values belong
to the internal parameters.

— The Kalman filter makes use of the "propagation of errorhgiple.
— The Kalman filter has three fundamental functional blocks:
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‘ correct estimats block, the model predictior, 1 from the last step is
combined with the actual input valugn] and passed

to the outputy[n]. The second block calculates the
\/ prediction for the next time step based on the model
TN parameters and their variances. In parallel, the model
ugggﬁqg}g%el parameters need to be updated by a system identifica-
tion algorithm.

v, Av

i
tn
1. The combination of model predicted with input data stream
2. the prediction block for the next model value and
3. the system identification block for update of the modeapeaters.

The internal structure of the Kalman Filter is shown in Fig. 4

We discussed a fairly simple example. In more realistic iappbns, the model can be very
complex. But with more and more model parameters, more egwoftributions are added; this means
that the optimal model complexity needs to be evaluated.rbeel should be as complex as necessary
to reduce the noise, but also as simple as possible.

The trick is that they of the output will always be smaller than (or in worst caseattp) theo of
the inpuf. So the output will be best noise-filtered (depending on tbeet). A bad model generates a
K near to one, so the input is not corrected much (no effectiezifig).

14 Wavelets

As mentioned in the previous chapter, wavelets can be Hdlfiaong other things) at removing noise
with a special spectral characteristics from a (non cawssgtal.

noisy signa! — transformatioj — remove noise— | inverse transformatioh—> signal

A similar method can also be used to select only especiakyjrett spectral components with
special filters; this is also often used for (lossy) data ca®sgion like for audio signals or images. Last
but not least, the wavelet transformation also has appitatin solving special classes of differential
equations. We are not going into these very popular fieldsinstead restrict ourselves to the question
of how we can make use of the wavelets for noise removal.

14.1 Fighting the Noise with the DFT

A quick shot will be to use the digital Fourier transformatialefined in chapter 10.1, to do this job.
Let's see, how that works out (fig. 46).

As you can see in this example, the reconstruction of thérmaigignal is not too bad (in contrast
with the method of the low-pass filter discussed in the previchapter, there is no problem with time
shift or amplitude degradation of the higher frequency congmts of the signal), but one major problem

5The principle only works, if the errors of the signal measueets are independent of each other and the distributidmeof t
noise and of all internal parameters is Gaussian. If thioighme case, the "propagation of error” formula underestaszhe
resulting variance.
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Fig. 46: Example for using the DFT (=Digital Fourier Transformafifor noise filtering. The noisy signal is trans-
formed to frequency domain. Then all spectral componetshvaiie below a certain threshold (for amplitude) are
removed (which means they are set to zero) and finally theisi&tansformed back into time domain. Depending
on the threshold used, the result is fairly good, or stillhadsy if the threshold was too low, or the reconstruction
of the signal is bad, if the threshold was set too high.

is immediately visible: High frequencies are there, butghase information of the higher harmonics is
distorted by cutting away some of the (noisy) componentsdiiimg only single spectral components
has effects everywhere in time! This is the nature of the iBodiecomposition. To avoid this, one wants
to use a different transformation like the wavelet transfation, because wavelets are not only localized
in frequency (like sif) and cos)), but also localized in time. This means that if you removasaof the
wavelet components from the wavelet spectrum, the time dosignal is affected only locally. In this
way, it is possible to remove high frequency noise where tiggral signal is smooth and still conserve
the sharp edges of the waveform.

14.2 Localized Functions

Localized functions have a body that is located around sammety. This means that, for all times far
away fromtg, the function tends to zero. It especially goes asymptibitazero fort — +0. Localized

in frequency simply means that far— oo, the spectrum goes to zero. Sometimes it is also requirat, th
the spectrum goes to zero far— 0 (which is the case for wavelets). There is also a rigorofisiten

of localized functions, which are required to be exactlyozmutside a region around the body.

There is nothing special about localized functions (see4ffy. In contrast to thein()-function
which is well localized in frequency (only one frequency gament is present) but not at all localized in
time®, the product of a Gauss-function wittsan()-function is localized both in time and in frequericy

Wavelets are special functiot(t) : R . R with special requirementsOne which is already
mentioned is tha¥ should be wellocalizedin time and frequency. Second, it is required that

/Wdt:O

And finally, more technical requirements are needed in @agi applications to make the calculation
easy.

6on the opposite, any function consisting o3-function will probally be localized in time but definitly ban frequency.
"The Gaus-function itself would also be localized in frequyemut it does not fullfill the more restrict requirementtttize
spectrum goes to zero foy— 0.
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14.3 Wavelet Families
There are many kinds of wavelets amdvelet familiescoming from practical application:

— smooth wavelets,

— complactly supported wavelets 51989,

— wavelets with simple mathematical expressidrig#1900 ),
— wavelets with simple associated filters,

— discrete wavelets,

— etc...

Each wavelet family is generated froniraother wavelet” W1 o (which fulfills the requirements
mentioned above) by mansformation which is a combination of translation and dilatation

- 1 x—by +
family:  W10(X) — Wap 1= %WLO (T) ;acRT,beR
If you do a proper selection @afs andb's, you can get a wavelet family which formsasis(like
{sin(nwt),cognwt)} do).
Whith the following set of parametessandb:

a:=2"1 ; bi=k-270 ; jkezZ |,
which is called critical sampling”, one gets
= Pjk(x) =222 x—k) (27)
an orthonormal Hilbert basis.

14.4 Discrete Wavelet Transformation

Similarly to the discrete Fourier transformation, one caoaimpose an arbitrary functidnto this basis
formed by the wavelets (27). The "spectral” components apeessed by the coefficientsy.

f= ; Cik-Wjk
J,KEZ

The difference, compared with the ordinary Fourier tramsgtion, is that the coefficients form a two
dimensional array; and you may ask what the benefit of hawiag more coefficients than with a Fourier
transformation will be. The answer is that the wavelet dgmosition can be done in a tricky way: that
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only (the first) very few coefficients hold most of the infortea of your functionf and almost all other
components can be neglected. Of course, this depends otatseaf functions and on the selected
(mother) wavelets.

The second big task — after having selected the waveletyamil want to use — is how to get the
coefficients, or more generally spoken, how to performRiskrete Wavelet Transformation

f) P2 {cik} ; cikeR;jkeZ

The algorithm for the DWT is a bit tricky, but this problem hasen solved and a very efficient
algorithm exists! Unfortunately it is out of the scope ofsthécture to explain how it works. So please
consult the literature. But still one word: it makes use efative (digital) filter banks and the problem
can best be understood in frequency domain. Also, the contdépe scaling functiomplays an impotant
role here, limiting the number of coefficients tdimite number.

14.5 Wavelet Applications

What are wavelets good for? Functions can be better appabdetnwvith wavelets if they have discon-
tinuieties, sharp spikes, or a non-periodic structurey(tive localized). Why not use the Fourier basis?

Fourier basis _ _ _ J& wavelets
— Basis functions are localized in ire-
quency, but not localized intime domaipn. — Basis functions are localized in fre-
— Small changes in the spectrum will prp- quency (scale/dilatation) and time (trans-
duce changes of the signal everywhere in  lation).
time! — This can be an advantage for signal pro-
— Functions with discontinuies and or cessing: Many signals can better be rep-
sharp spikes need a big number of spec- resented in wavelet-basis than in "'spec-
tral coefficients, sometimes even an in- tral lines™, less coefficients- data com-
finite number, to be properly appoxi- pression.
mated.

14.6 Example: The Haar Wavelet
The simplest and oldest of all (mother-)wavelets isiHaar wavelet

Yoo
1 0<x<05
Woo(X) ' =< —1 05<x<1 X
0 else

With critical sampling (27), the wavelet family can be exgsed as
Wik(X) =22 Weo(2Ix—k) ;j,keZ

Let’s check if they fulfill the wavelet criteria: Obviouslihey are localized i, [ Ydx= 0, and
1 j=jandk=K
Wi-Wip =
/ BTk {O else

so they really form an orthonormal basis of the Hilbert spa@écourse, there is also a disadvantage:
The Haar wavelets are not smooth, so they may not fit best foonfunctions, but they will do their
job fairly well for discrete (sampled) data.
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The trick now is that — let’s say you have= 2™ samples of a digitized function — you first map
the data to the intervdD;1[. Then write down all wavelets which have a body inside thisrival, stop
if the wavelets become small enough to fit a single samplettamdo the decomposition. You can do
this straight forwardly with a big set of equations (one facke sample point) and solve it. As already
mentioned, this is not the most efficient way to do this, but wdll get the idea.

In case you really do this homework, | expect the followinglgem: How can a function with
1
J f(x)dx # 0 be transformed? The answer is: either you try to extend timeber of coefficients to
0

infinity (especially all the coefficients with < 0) or — and this is, of course, recommended — you add
(at least) one additional function to the set of waveletscivhrieplaces the infinite number of smaller
and smaller scale wavelets; namedy,, ;K € Z (jo is fixed here, so these functions form only a one
dimensional array), thecaling function The scaling function is not a wavelet, sinf@(x)dx= 1 is
required, but you can prove that the set

{®jor, Wik i>JokeZ}

spans the same space as the full bd#s, ;j.ke Z}.

Now you might still be worried about thewithin the definition, but consider our example: let's
choosejp = 0. The restriction of the domain {6; 1] means that we need only consider wavelets with
0 <k < j and there is a maximgl because of our sampling resolutiop< m). All in all, the number
of non-zero wavelet components is limited to a finite numi#@nally, the missing scaling function is
simply:

1 forO<x<1
0k =
0 else

independent of k, so we need only one. Now all functions (withmited number of samples) can be
transformed to a finite set of wavelet coefficients. If the bemof non-zero wavelet coefficients is
smaller than the number of samples, you might be happy.

Unfortunately, the application of the wavelets is limitedlthough the discrete wavelet transfor-
mation is well defined, and efficient algorithms have beerkegout, the success of using the wavelets
depends on thehoiceof the wavelet family. If you cannot find a clever wavelet fgmwhich fits well
with your particular problem, you will be lost, and there sgeneric way to help you out there.
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